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ABSTRACT. On any general solution of an exterior differential system /, a
system of linear differential equations, called the equations of variation of I, is
defined. Let v be avector field defined on a general solution of [ such that
it satisfies the equations of variation and wherever it is defined, v is either
the zero vector or it is not tangential to the general solution. By means of
some associated differential systems and the fundamental theorem of Cartan-
Kahler theory, it is proved that, under the assumption of real analyticity, v is
locally the deformation vector field of a one-parameter family of general solu-
tions of /. As an application, it is proved that, under the assumption of real
analyticity, every Jacobi field on a minimal submanifold of a Riemannian
manifold is locally the deformation vector field of a one-parameter family of
minimal submanifolds.

0. Introduction. The theory of analytic exterior differential systems was
developed by E. Cartan for the study of infinite pseudo-groups. E. Kahler com-
pleted the theory and generalized it. It reduces the existence of solutions
(called general) to a purely algebraic problem. Such a general solution depends
on the initial data which in turn depends on arbitrary functions. So it is of
interest to study a family of solutions of an exterior differential system, in par-
ticular, a one-parameter family of general solutions. For a compatible system |
of ordinary differential equations, the following facts are well known (see for
example [2]). Along any solution N of I, a system of linear differential equa-
tions, called the equations of variation of I, is defined. Any vector field v
defined on N which satisfies the equations of variation is the deformation vector
field of a one-parameter family of solutions of I on N. In particular, if I is the
system which defines geodesics on a Riemannian manifold, we have that every
Jacobi field along a geodesic may be obtained by a variation through geodesics.
The purpose of this paper is to generalize the above to an arbitrary general
solution of an exterior differential system. We will prove the following (see the

Main Theorem):
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On any general solution N of an exterior differential system 1 on a manifold
M, the equations of variation are defined. Let v be a vector field defined on N
which satisfies the equations of variation and such that for m € N, v(m) is either
the zero vector or it is not in Tm(N). Then under the assumption of real analytic-
ity v is locally the deformation vector field of a one-parameter family of integral
manifolds of 1 on N. As an application, we will prove that under the assumption
of real analyticity every Jacobi field defined on a minimal submanifold can be
obtained (locally) as the deformation vector field of a one-parameter family of
minimal submanifolds. This solves the problem as posed in [12] in the real
analytic case.

In §1, we will give a brief summary of Cartan-Kdhler theory of exterior
differential systems. Regular integral elements and involutiveness will be de-
fined in terms of the necessary and sufficient conditions for the existence of a
regular integral chain as proved in [7, p. 40]. This approach may not be the most
natural, but it immediately reduces the problem of finding general solutions
‘essentially to that of checking the compatibility and ranks of systems of linear
equations. In §§2—5, the Main Theorem will be formulated and proved. We will
begin by establishing that it is sufficient to consider a class of Pfaffian systems
called normal systems. Associated with a normal system, two other differential
systems are defined. By means of the fundamental theorem of Cartan-Kdhler
theory, they will be used to construct the required one-parameter family of inte-
gral manifolds and also to prove that its deformation vector field coincides with
the given vector field. In $6, after some computations we will apply the Main
Theorem to Jacobi fields defined on minimal submanifolds of a Riemannian mani-
fold.

This paper is a continuation of research done at University of California,
in a doctoral thesis under the direction of Professor S. S. Chern. I wish to
thank him for his advice and encouragement.

Throughout this paper all functions, manifolds, submanifolds and associated
differential geometric structures will be assumed to be real analytic. When no
confusion is likely, we will simply regard an immersed submanifold of a manifold
M defined by f: N — M as a subset [(N) of M and its tangent space T _(N) at
% € N as a subspace of the tangent space T/(x)(M) of M. To avoid repetition,
we will fix the ranges of the following indices, 1<1i, j, k<m n+1<a, B,y<
n+p;n+p+1<s<n+p+q;, n+1<p,0<n+p+q; 1<A, B,C,D<n+p.
Ranges of other indices will vary and will be defined accordingly.

1. Exterior differential systems. In this section, we will give a résume of
Cartan-Kéhler theory of exterior differential systems, mainly to establish some

notations and to state the existence theorems which will be used later. Details
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and proofs can be found in [3] and [7]. For an interesting modern survey of the
theory, one can refer to [5].

An exterior differential system (or simply differential system) I on a manifold
M is an ideal (finitely generated) in the ring of analytic differential forms on M which is
also closed under exterior differentiation, i.e. dI CI. We shall denote by I, the set of
all forms of degree v in I. Points of M, at which

(1.1) I,=0,

constitute an analytic subvariety &°(I) of M whose points will be called integral
points or 0-dim integral elements of I. Restricted to a point m € M, I defines a
system of exterior equations I(m) in the vector space T (M). At an integral point
m, a k-dim subspace E of T, (M) is called a k-dim integral element of I if E
annihilates I(m). A submanifold N of M is called an integral manifold of I if
for every m € N, Tm(N) is an integral element of I, that is, the restriction (i.e.
pull back) of I to M vanishes identically. For definiteness, let M now be a
manifold of dimension 7 + p (later on, -we will also consider differential systems
on manifolds of other dimensions) and 6, - .-, 0n be n independent Pfaffian
forms defined on M. An important problem in the application of Cartan-Kahler
theory is to see if a differential system I has an integral manifold on which

(1.2) 6,N--- AN _£0.

To study this problem we adjoin to 6, ..., 8, , p Pfaffian forms 6 _,),---,6, .,
such that 01 Ao A 6n+p # 0. Then the forms in I can be expressed in terms
of the @’s. We put

(1.3) 0, = ;baiei

and denote by b; the vector whose components are b ) ;, +++ b 4, ;- Sub-
stitute (1.3) into the forms of I, and let l].(m, byyeees b’.) denote the set of co-

efficients of 6, A ... A 0]. in these forms. Clearly every equation of the set
(1.4) ’li(m, bl,-..,b].)=o (G=1,.-+,n)

is linear in each of the variables b,(v=1, ..., ). Atan integral point m, a
system of solutions (m°, b9, -, b:’z) of (1.1) and (1.4) defines an n-dim integral
element of 1 by (1.3) with b, = by,,. We will call an integral point m of I
simple if there exists a neighborhood U of m in M such that &EMNnUisa
submanifold of U of dimension o with equations (1.1). We can now give
sufficient conditions for such an integral manifold of I to exist.

Definition 1.1. (a) I is said to be involutive with independent variables

{05 --+ 6 } (an ordered set) at a point m° if there exists a system of solutions
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(m® S, -+ b:’l) of (1.1) and (1.4) such that (i) m° is a simple integral point of
I; (ii) in a neighborhood W of (m° &3, ... b7) in M x R™? | the equation (1.4)
reduces to (7 + p) — 7, - j independent linear equations with respect to b,

after taking account of the equations

(L.5) [_ym, by e by ) =0,

"_
(b) Let E_ be the n-dim integral element defined by a system of solutions

(m°, byy - b‘:l) of (1.1) and (1.4) as in (a) and E]. be the subspace of E on

which 6/'*1 =...=0,=0. Then we have a chain of integral elements of I
(1.6) tm4=E,CE,C..-CE__,CE_.

Any chain of integral elements of I which can be obtained in this way by a
suitable choice of the independent Pfaffian forms {6, -.- , Gn} in (a) is called
an n-dim regular integral chain of I, E# (u =0,1, ..., n) is called its uth
component. A (v —1)-dim integral element E,_| of I is called regular if it

is the (v - 1)th component of an n-dim (7 > v) regular integral chain of I. In

this case, the nonnegative integer 7, =r (E I) as defined in (a) is called

v-1’
the character of E

T

Remark 1.1. It isl clear that, in Definition 1.1 (a), I is also involutive at
any integral point sufficiently close to m° and also that if E _ is another
integral element of I defined by (m, biyeees bn) sufficiently close to
(m®, by - s b"’z), then the integral chain constructed on E, as in (b) is also
regular.

Remark 1.2. The definitions of regular integral elements and regular inte-
gral chains given above are equivalent to other existing definitions of such,
but they are more convenient for our present purpose.

Remark 1.3. For a regular (v - 1)-dim integral element E,_, at a point m,
the set of all vectors Y € T (M) such that Y spans with E,,_, an integral
element of I is called the polar space H(E
T (M) of dimension r (E
gral elements which extend E,_, locally depends on rv(E

y_1 D of E,_|; it is a subspace of

v—1» D +v. In other words, the set of all v-dim inte-
v_1» D parameters.

Definition 1.2. A y-dim integral manifold N of I is called regular if, for
every m € N, T_(N) is a regular integral element of I and it is called a general
solution if, for every m € N, T (N) contains a (i - 1)-dim regular integral
element of I.

The fundamental theorem of Cartan-Kdhler theory can be stated as follows:

Theorem 1.1. Let | be an exterior differential system on a manifold M of

dimension n + p. Let N be a (v - 1)-dim regular integral manifold of 1

v-1
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and r,, the character of T (N,_,) ata point m®e N,_,. Let F bea

(n+ p ~r,)-dim submanifold of M such that it contains N,_, and T _,(F) con-
tains a unique v-dim integral element E , of I which extends E,,_,, that is,

T o(F)NH(E,_ |, )=E, Then ina sufficiently small neighborhood U of m°,
there exists a unique v-dim integral manifold N, of I such that F N u DN, D
U NN, | and T o(N)=E,,

By applying Theorem 1.1 several times, we can prove the following theorem:

Theorem 1.2, Let I be a differential system on a manifold M of dimension
n + p which is involutive with independent variables {6, -, 0 } at m° Let
E_ be the n-dim integral element defined by a system of solutions (m°, &9, -,
82) of (1.1) and (1.4) which satisfies the conditions in Definition1.1 (a).
Then in a sufficiently small neighborbood of m°, there exist general solutions
of I onwhich 6, N ... A6 #£0. In particular, there exists a general solution
N of I through m® such that T o(N)=E_.

Remark 1.4. The general solution N in Theorem 1.2 is in general not unique-
ly determined. Classically this is described as depending on certain arbi-
trary choices of functions [3, p. 75]. For a modern and more precise description
of such, see [9].

2. The Main Theorem. Let I be an exterior differential system on a mani-
fold M of dimension 7 + p. Since all the results in this paper are local, we
will assume for simplicity that I, = @, i.e. the ideal I contains no scalar func-
tion. In order to motivate the following discussions, we will sketch a proof of
the following facts (see also [5, Theorem 3.1]).

For a one-parameter family of n-dim submanifolds of M defined by f: N x
(=1,1) > M (i.e. for every t €(~1, 1), f(Nx ¢t) is an n-dim submanifold of
M), the vector field v on f(N x 0) defined by

(2.1) v({(y, 0)) = f,(0/3t(y, 0))

(where 9/0t is the standard vector field on the interval (- 1, 1)) is called the
deformation vector field of the one-parameter family on f(N x 0).

Proposition 2.1. Suppose f: Nx (-1, 1) = M defines a one-parameter
family of integral manifolds of 1. Then its deformation vector field v on

[(N x 0) satisfies the following system of differential equations:
22 0=0/*0)/dt|,_ =dfs(v 10+ [t(v |dO) forall §el,

where | denotes the interior product of a tangent vector and a covector and
fo: N =M is the map defined by {y(y) = {(y, 0) for y € N.



338 D.S. P. LEUNG [August

Proof. We will prove that for any form 6 defined on M, we have
(2.3) af*(0)/at,_o=dfsv 16 +[5(v_]d0).

It is obvious that (2.3) is true if 0 is a zero-form. By taking exterior derivative
on both sides of (2.3), we can see that if it is true for @ it is also true for d0.
Using the facts that both the interior multiplication and exterior differentiation
are antiderivations in the ring of differential forms on M, it follows by a straight-
forward computation that if (2.3) is true for forms 6, and 6, it is also true for
the form 6, A 6,. Now, since the ring of differential forms can be locally built
up from O-forms using 4 and A, the proof of (2.3) is completed. [*(6) is identi-
cally zero for all @ € I; therefore (2.2) also follows. Q. E. D.

Definition 2.1. Let g: N — M define an integral manifold of I. A vector
field v: g(N) — T(M) defined on g(N) is called an I-field if it satisfies the
following system of differential equations, called the equations of variation of
I on g(N):

(2.4) dg*(v 1 68) +g*(v 1d0) =0 forall 6 €l

Remark 2.1. In the computation of the equations of variation it will be
sufficient to consider the forms in any set of generators of I as an ideal.

The main result of this paper can be stated as follows.

Main Theorem. Let N be an n-dim general solution of an exterior differen-
tial system | on a manifold M of dimension n+ p. Let vi N — T(M) be an
I-field on N such that for m € N, v(m) is either the zero vector or it is not in
Tm(M). Then for every m° € N, there exists in a sufficiently small neighborbhood
2 of m® in M a one-parameter family of n-dim integral manifolds 'N of I, where
te(—e ¢ and €>0, such that °N=NN 2 and the deformation vector field

of 'tN on °N is equal to the restriction of v to °N.

3. Normal exterior differential systems. Under the assumptions of the Main
Theorem it is always possible to choose a system of local coordinates {xi, z}
in a sufficiently small neighborhood U of m° in M such that

(@) N NU can be defined nonparametrically as

(3.1) z,=g,(x), 00, xn)
and on N N U can be represented as
d
(3.2 vim) = § ra(xl(m), ceny, xn(m)) <gz—a'>m9

for some analytic functions g, and 7 defined on a suitable open set in R”;
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(b) restricted to 11, I is involutive with independent variables {dxl, e,
dx_} at every point of .

Keeping the notations in §1 except with 6, and 0, replaced by dz, and
dx (respectively), if we put

(3.3) bGi =98,/ 9x ) (x (m), - .., x_(m°),

then (m°, by e s b‘:z) which defines the integral element Tmo(N) of I satisfies
the conditions of Definition 1.1 (a). Let P(I) be the exterior differential system
defined on the neighborhood W of (m°, by, - s bz) which is generated by the
left-hand side of the following equations:

(3.4) 1(m, by, -, b)) =0
(3.5) di(m by, e, 5)=0
(3.6) dz,— D b, dx =0,
3.7) D db, Adx, 0.

One can easily recognize that $(I) is the total prolongation of I (restricted to
U) as defined in [11]. It follows from Theorem 2 in [11] that P(I) is also in-
volutive with independent variables {dx, ..., dx_} at every point of W. By

a straightforward computation, we can see that, upon setting
(3-8) bai = aza /axi,

3.9 To; = 07, /0%,

(3.1) and (3.8) define a general solution of (I) and

(3.10) Z ag; + ; azab

defines a P(I)-field on it. Let 7: W — M be the map defined by
(3.11) alm, by, -, b )=m

Similarly we can also verify that, if w is a P(1)-field on an integral manifold

B of P(I) on which dey N oo A dx, #£ 0, then ﬂ*(w) is an I-field on the inte-
gral manifold #(B) of I. It is also well known that (3.4) defines a submani-
fold &™(I) of W. In fact, we can select q= 2 (r, + j—n) of the b’s such
that they form together with {x,, z } a system of coordinates of &™(I) [7, p. 42].
The restriction of P(I) to g"(l) is also involutive with independent variables
{dx, .-- ,dx }. Note also that a P(I)-field must be tangent to &™(I). The
above considerations lead us to consider a class of Pfaffian systems which

will be called normal systems.
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Definition 3.1. An exterior differential system I on an open set () C R7+?+4
is called normal with » independent variables, p primary dependent variables and
q secondary dependent variables, or simply a normal system of type (n, p, ¢) if it
satisfies the following conditions:

(i) 1, =@

(ii) There exists a system of coordinates {xi, zg, zs} of U, called normal
coordinates of I, and functions B,; on O so that I is generated as an ideal by

the following differential forms
(3.12) dz,+ D B,dx, D dB, Adx,
[ i

and I is also involutive with independent variables {dxl, e, a’xn} at every
point of (. {z,} and {z_} are called respectively primary and secondary de-
pendent variables.

Definition 3.2. A normal solution of a normal system I of type (n, p, q) with
a fixed system of normal coordinates {xi, E zs} is an n-dim integral manifold
N of I on which dxl ANLLA dx’z # 0 and such that for m € N, the chain of inte-
gral elements on T (N) obtained by setting successively dx, =dx,, =-.- =
dx =0 is an ndim regular integral chain I.

We can see now that to prove the Main Theorem it is sufficient to prove it
for normal solution N of a normal system I of type (n, p, q) with an I-field v
on it such that

(i) with respect to a system of normal coordinates {xl.. L zs} of I for

which N is a normal solution, N can be represented nonparametrically in an
open subset of 0 as

(3.13) z =g, (s s x),
(ii) v can be represented as
J
(3.14) v(m) = ;ro(xl(m), S xn(m)) <6—z—;>m

for some analytic functions g, and r_ defined on a suitable open set of R”.
Definition 3.3. A normal solution N of a normal system I of type (n, p, q)
together with an I-field v on it which have properties as in (i) and (ii) above

is called a set of normal data of I.

4. Two associated differential systems. In this section I denotes a normal
system of type (n, p, q) on an open set ® in R"+?+9 with a fixed choice of

normal coordinates {x, z,, z_} and it is generated as an ideal by (3.12). Let

al

£, be the coordinates of R? and ¢ the coordinate of the open interval (-1, 1).
~

Denote by I, the differential system on © x R? x (- 1, 1) generated by the

following differential forms,
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(4.1) dz  + 'ZBaidxi - & dt, stai A dx, - dE A dt.
Let
(4.2) ﬂlzwxﬂpx(— 1,1) - ®

be the natural projection map. We will denote by m (= (m, £, 1) a point of O x
b (-1, 1) and that of O by m.
Proposition 4.1. Let

(4.3) m(m°)=EyCE C...CE__  CE_

n—1

be an n-dim regular integral chain of 1 such ’t\}’mt dx A A dxj £0 on E. Then

there exists a chain of integral elements of 1,
~ ~ ~ ~
(4.4) me=E,CE C.--CE CE_,,
such that ﬂl*(E,.+1) = Ei' dt£ 0 on E| and dt A dx, A A dxl. £0 on E”k

Furthermore any such integral chain is a regular (n + 1)-dim integral chain of 1

and
(4.5) r(Eyp D=n+p+aq, J+1(E )_r(E _p D
It follows that 1 is involutive with independent variables dt, dx,, - .. , dx_ at

any point of OxR? x(-1,1).
Proof. Any point m € ® x R? x (- 1, 1) is a simple integral point of . We
put
(4.6) dz = baodt + Z boidxi, dffa = ag,dt + Zaaidxi.
t i

Denote by b, (v=0,1, ..., n) the vector whose components are b_,, a,,,
2

Substituting (4.6) into I,we can see, by a straightforward computation, that

~

Il(m, by) = 0 is generated by the following equations

(4 7) bao - 60. = 0
and in general, T +1(m, bo, by cee s bi) = 0 after taking account of
I(m, bg, bys--- 7- 1) = 0 is generated by the following equations (j is fixed),
b+ B,; =0,
(4.8)
Bop; 0b0; = Baj, obop) + Bopij = Bai =0  (u=1,..,j=1)
o

4.9) LBaj;ob0'0+aai=o’
o
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where we have set Baj;a= é)Bai/azU and Ba].;l. = 6Baj/8xl.. If we set dz_ =
Ei bm.dxi in I and let b, be the vector whose components are b ;, then it

follows by a similar computation as above that Ij(ﬂl(m), bl’ e, b].)= 0 is also
generated by (4.8) after taking account of I]._l(ﬂl(m), by <o+ b],_ 1) = 0. There-
fore, if (4.3) is defined by (ﬂl(m°), b, - e s b‘:)), we can extend it to an (n + 1)~

dim regular integral chain (4.4) of I by choosing b_, a,, arbitrarily, and define
bao 2 8q by (4.7) and (4 9) respecuvely It follows from our constructions that
™, (E) =7n (m) and 7, (E ﬂ) = ].. (4.5) now follows readily from the defini-
tion of the character of a regulat integral element and the fact that (4.7) as a
linear system in b, as well as (4.9) as a linear system in a,, are of rank p.
Q. E.D.

Remark 4.1. An examination of the above proof shows that for any (n + 1)-
there

dim'integral element E of I which extends E , i.e. 7 E

w1 w) B
exists a unique (¢ + 2)-dim integral element E'M_2 of I such that E/“,2 )
E,u+1 and m (Eu+2)‘ pt1r b= 1,...,n=-1.

Remark 4.2, If N 1s an n-dim mtegral manifold of 1" on which dz A dx | A

A dx #£0, then 7 (N) is 4 one-parameter family of integral manifolds of 1
on Wlllch dx, A dx’2 £ 0.

I will be used to construct the one-parameter family of integral manifolds
we need. But to prove the deformation vector field of the one-parameter family
to be constructed is the given I-field, we need to consider another associated
differential system.

Let £_ be coordinates of R?*9. Denote by m' (= (m, £)) a point of O x
RP+7 and also by 7yt O x R?*? = W the natural projection map. Define a
vector field & on U x RP+4 by

(4.10) Em) =T &, (%) '

Then let I' be the exterior differential system on (0 x R?+? which is generated

as an ideal by the following differential forms,

(4.11) dz,+ 3 Bgdx, 3 dB, Adx,
1, :

(4.12) djg-' <dza+ ZZBaidxi>$ * 35 J ;dBai A dx,

d%f 1 2°dB, A dxis.
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Remark 4.3. With functions g_ and 7 as in (3.13) and (3.14), the submanifold
N' of 0 x R?*? defined by

(4.13) Z,=g,(xp, oy x)),
(4.14) $o =700, ooy x)

in an 7-dim integral manifold of I'. This follows readily from the fact that if we
substitute (4.13) into (4.12), we have the equations of variation on the integral
manifold N of I defined by (4.13) for the special type of vector field which can
be represented as the right-hand side of (4.10). Conversely, for any n-dim integral
manifold N’ of I' defined (4.13) and (4.14) for some analytic functions g and
Tos 2,7,0/0z, is an I-field on the integral manifold 7,(N’) of I.

We will prove later on that at any point m', I' is also involutive with inde-
pendent variables {a’xl, ey dxn}. However, we will conclude this section by

making some important observations related to I'. We put

(4.15) dz, = ) b, dx,
i

(4.16) dé =Y a_ dx,.
i

Denote by bi' the vector whose components are b, ., a, . and as before, b, the

oi
vector whose components are b .. By a straightforward computation, we can
see that [ (m', b, - .-, b)) =0 after taking into account that [, _,(m’, &, -+, b _,)
= 0 is generated by the equations (k% being fixed):

bak+Bak=O,

(4.17) - 1, e, k-
¥ 3 (Boy obor = Baksobor) * Bapk ~ Bar;p=0  (=1l--n k=1
o

aak + ZBak;Ué-U: 0’
o

(4.18,)
(Boy; 0%k = Bak; oo i) + ) By, o; ok = Baks oy o oo
o- U’p
* Z(Ba#;a;k_Bak;o;#)fcr:O (p=1,---,k-1)
o
where we have set B, .. = aZBw/azaazp, Biyioii= azsw/azdaxi.

Remark 4.4. It is easy to see that lk(nz(m'), bys e bk) =0 is generated
by (4.17,) after taking account of lk_l(nz(m’), by ees bk-l) =0. If we con-
sider (4.17k) and (4.18 k) as linear equations in bC,,e and aakrespectively, then
the coefficient matrix of b,, in (4'17k) is exactly the same as the coefficient
matrix of a, in (4'18k)‘
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5. Proof of the Main Theorem. In this section, I will denote the same
normal system of type (n, p, q) as in the previous one. We will now prove the
Main Theorem for a normal solution (Definition 3.2) N of I with an I-field v on
it such that they can be defined by a set of normal data (Definition 3.3) of I. As
noted earlier, this will prove the Main Theorem in general.

Let {x, z,, z_} be the fixed normal coordinates of I. At any point m € o,
let © (m) (w=1,..., n-1) be the submanifold of ) defined by

(5.1) Xypy = Fpyy(m), ey X, = xn(m).

We will simply write @V when the point m is clear in the context. Denote by
va(m) the differential system on mv(m) obtained by restricting I to mv(m)
One can easily verify that & I(m) is a normal system of type (v, p, q) on o .
In fact, {xl, e Ey Bt s B B zn+p+q§ is a system of
normal coordinates of va(m) such that ‘va(m) is involutive with independent
variables {dx, ..., dx } at every point of mv; z,and z_ are still the primary
and secondary independent variables respectively; the restriction of (3.12) to

6] m) also generates R (m) as an ideal. This is the only set of normal coor-
dinates of R m) we w;ll use. Let R I(m) and. R I(m) be the restrictions of
I' and I to @ (m) x RP*? and [0 Am) x RP x (- 1, l) respectively. They are
actually also the differential systems associated with fRI}(m) (with respect to the
normal coordinates of R (m) fixed above) as defined in the previous section.
Therefore, by Proposition 4.1, R A (m) is also involutive at every point of

IDV x R? x (-1, 1). For uniformity, we will also denote by [ty (m) the submani-

fold of ® defined by
(5.2) xl =x1(m)’ *'-,xnzxn(m).

We will call any point of O o{m) a normal solution or 0-dim integral manifold of
? I(m) and any tangent vector at a point m° € 0] o(m) of the form X _ £2(0/9z,, )
an R I(m) field. A set of normal data of R l(m) consists of a point of 0] (m)
and an R ol(m)-field at that point. We also put R I(m) =1, fR I'(m) = 1I', ﬁ I(m)
_1 and ID = 0.

It follows directly from our definitions that a normal solution or a set of
normal data of ykl(m) restricts to a normal solution or a set of normal data of
ka_ll(m) respectively.

The Main Theorem will follow from this proposition:

Proposition 5.1. (1) Let m'® € D x R?*9 and m® e O be such that m,(m'®)
=P, ie. m°=(m® &9). Then, for j=1, .-, n, we have P;: If

(5.3) im}=EyCE C---CE, | CE,
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is a j-dim regular integral chain of R 1(m°) such that dx; A...A dx“ £0 on
E (1 < <), then there exists a ]-dzm integral chain o/ R r (m°)

(5.4) '{m'°}=E0CElC---CE]._ICE].,

which projects onto (5.3), that is, nz*(E;) = E#. Furthermore, any such integral
chain of ‘rR].I'(m°) is regular and

(5.5) rAE! 1 R = 20 (E,_ |, R 1m).

(2) At any point m® € U, we have, for v=0,1, -+, n, Pf}: Let N, be a
normal solution of va(m") which contains m® and v be an vaI(m°)-/ield on N,
such that they can be defined by a set of normal data of va(m°). Then in a
sufficiently small neighborhood 1JV of m° in (f)v(m°), there exists a one-parameter
family of integral manifolds N, of R J(m®), where t € (—¢,,¢,) and €, >0, such
that ONV =N_,n 1JV and the deformation vector field of 'NV on ONV coincides
with the restriction of v to oNV.

We will prove the proposition in the following order:

(a) P{ and P2 are both true,

(b) P! and P _, imply P

(c) P and P imply Pl
We pu, for j=1,c0,m,

41

i i
(5.6) dza = Z boﬂdx“, dfo = Zacmdx#
u=1 p=1
in & I(m) and fR I'(m) (b, and b’ will have the same meanings as in the pre-
v1ous section); we will fmd for p=1,-++,7j, («‘R I(m)) (m, b 1’ R ) and
(5{ I'(m)) (m, 1', . b") are the same as | (m, bys--es by, ) and
r (m, 1 yeers b)) tespecuvely For these reasons we will wnte 1 ( .) and

1 (-..) instead of (9{ 1(m)) ASE .) and (ﬁl (m)) (-+.) respectively.

Proof of (a). Let (4. 17 )*and (4.18 )* be respectively the linear equations
in bl' obtained by setting m = m° and fc = f‘c’r in (_4.171) and (4.181). Then
the equations ll' (m'S b; ) = 0 are generated by (4.17 )*and (4.18,)* By Remark
4.4 the equations I,(m° b,) = 0 are also generated by (4.17)* Clearly (4.17,)*
and (4.181)* as linear equations in bc,l and a_, (resp.) are both compatible and
of rank p. They are compatible and their ranks are independent of the points

m' ot m. Therefore m'®is a regular integral point of “Rll'(m°) and
(5.7) ry(m', R ') = 27 (2, R 1(m9) = 24.

This proves Pi. As for Pg, let v=23 £29/0z,),, The ‘N, can be defined
by any analytic mapping a: (- ¢y, ¢)) = mo such that a(0) = m% a'(0) =
3, £%0/0z,) o and ¢, > 0.
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In the remainder of this section j will be fixed.
Proof of (b). We can assume that x,(m°) = ... = xj(m°) =0. In a neighborhood
of m° in '(ﬁj(m‘)), N; and v are defined by

(5-8) zO’ =ga-(x1’ "'!xj)v
Jd
(5.9 v(m) = ZU: . (x (m), .-, xi(m» <‘Z>m for m e N_.
We put
(5.10) £l=700,-.-,0)

and denote by m'® the point (m° &3) € m]. x R?*9. Then when we set
(5.11) §o =7y, ey x),
(5.8) and (5.11) define in a neighborhood of m'° in ID]. x R?*? a j-dim integral
manifold N' of ﬂll'(m°)

The restucuon of N to 11‘) (m°) defines a normal solution N _, of
ﬁi I(m°) and the restncuons of (5 8) and (5.9) to w (m ) defme a set of
notmal data of ﬁ I(m°). Therefore by P |» there ex1sts in a neighborhood

of m®in O, (m°) a one-parameter family of integtal manifolds tN]._l of
Ri- () (t 6 e e’._l), €;.1 > 0) which can be defined as

(5.12) z, =[x oo X150

such that
foleys oonx; 13 0) = goleys o ovy x4, 0,

(a/a/at)(xl, ~--,x’._1;0)=ra(xl, 0)

(5.13)
xj—l’

in a suitable neighborhood of the origin of R-!. For every fixed ¢

2, (3f,/91)(3/9z,) is an ij_ll(m°)-field on tN]._l. It follows by an easy com-
putation that if we put
(5.14) £a=(01o /000y, -y 2, _y5 8)

then (5.12) and (5.14) defme a j-dim integral manifold N] 1 of R 1! (mo) ina
neighborhood of the point m° = (m £,0) £ lﬁ 1 X Rp x (-1, 1) N]_l is
also an integral manifold of R 1(m°) Put E = Two(N ). Then it is clear
that

(5.15) mG=m®,  a (E)=T (N_,).

Since T, (N }) is a regular integral element of R I(m°) it follows readily
from Proposxuon 4.1 and Remark 4.1 that E is also a regular integral element
of R l(m°) If we put
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(5.16) o= ri(Tm°(Nj—1)’ ﬂ{i,(mo))
then the character of E]. is given by
(5.17) 71 (Ep R @) = 2.
If we set
(5.18) b3, = (9g,/0x,)0, ---,0)  (p=1,---,/)

and denote by b‘/’L the vector whose components are bgy', then Tmo(Nj-l) and
Tmo(Nj) as integral elements of ij_ll(m°) and -‘R’.I(m°) (resp.) are defined by
(m®, bSs - s b?-l) and (m°, B9y e b]°.) (resp.). b . constitute a solution

i
of the following linear equations in ba_l.,

(5.19) I(m® 89, -, b3_1, 5)=0

whose rank is p + q - r‘]?. Therefore it is always possible to choose a subset
Jcin+1,..., n+p+q} consisting of r‘; distinct members such that (5.19)
together with

o _
(5.20) by = &i=0 rels

form a compatible linear system of rank p + g. In other words, if F is the

(p + g + 7 = r9-dim submanifold defined in a suitable neighborhood of m° in
mj(m°) by

(5.21) zy—g,lxp, s %) =0, Ae],

then we have

(5.22) FON.ON,_,

and since Tmo(F) as a subspace of Tmo((ﬁj) is defined by the equations dz; —

2/1:1 b‘;p’dx#= 0, we have also

(5.23) T\ F) O HT N, ), Ry1n9) = TN

Associated with F we will construct a submanifold F of ZDI. xR? x (- 1, 1).
Since all the functions under consideration are real analytic, by writing down
appropriate convergent power series explicitly or otherwise, we can always find
analytic functions G, defined on a neighborhood of (0, --. , 0; 0) in R/ x
(-1, 1) such that

Gx(xl, RERE Y 0; 1) =[xy, -+, X1 1),
(5.24) _ Ae].
(an/at)(xl, R 0) = rx(xl, cee, x’.),
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Then F is the (20 + g+ j+1 - r°)dim submanifold in a neighborhood of m° in m}. X
P« (=1, 1) which is defined by

(5.25) 2, = G\(xy, o, x;0=0, Ae].

It follows from (5. 24) that nl*(Tmc(F)) = T o(F) If E 'l is any (j + 1)-dim inte-
gral element of R T(m9 such that TNO(F) b} E ) E then we have

(5.26) Tmo(F)Dnl*(E ))nl*(E)=T AN, _y)-

But 7, (EHI)C H(T o(N Vs R l(m°)) therefore by (5. 23) we have ﬂl*(E W)=
T o(N ) However, we know by Remark 4. 1 that such an E ; always exists
and is umque That is, T~o(F) n H(T~o(N D ﬁ I (m°)) = E, ;. By Theorem
1.2, there exists in a neighborhood iﬁ C (h x R" X (1 1) of o a (] + 1)-dim
integral manifold N of 9( T(m9 such that Fn cll D N p) N N 11 We can

assume that N ﬂll is defmed by
(5.27) o=" (xl,-n,x’.; 1),
(5.28) fa = {a(xl, e, X t).
Then, in a suitable neighborhood of (0, ... ,0; 0) x R« (- 1, 1), we have
bg(xl, EREFEPH 0; t) = /a(xl, REREFIPY 1),
(5.29) AeJ.
hx(xl, R 3 t) = GA(xl, REFE 1.
Let ‘N]. be the one-parameter family of integral manifolds of ?jl(mcb defined by
(5.27).
If we put
(5.30) 2p=h(xy, e, x50), &= @b, /00, -, x5 0),

then, in a neighborhood of m'® in (i‘) x RP*9, (5.30) defines a j~dim integral mani-
fold )'(' of R I'(m°) The testncuon of T(. to (D]._ x R?+9 defines a (j - 1)-
dim mtegral mamfold N] of ‘(R l (m°) consequently also of .(RI (m9). We
put E =T, dN' i D Smce 772 (E D=T o(N ) isa regular integral

element of R I(m°) it follows readily from P that E is also a regular inte-

-1
gral element of R I'(m9 and

(5.31) rAE° ER.I'(m°)) = 2%

-1’
Let F' be the (2(p + q) + 7 - 27")-dlm submanifold in a neighborhood of m'° in

Iﬁ x R?*? which is defined by the following equations:

Z—G(x cee s X O)__
(5.32) oA 7 Ael.

€y~ (3G, /38)(xy, -++ %3 0) =0,
Then in a suitable neighborhood cu;' C m,‘ x R?*2 of m'® we have (by (5.13) and
(5.29))
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F'nU! D' n U’ DON! LN,
(5'33) 7 7 7 1= 7
' 1 [ ’ ! ’
F' ol DN/ nU DN Al

Since 172(F’) = F and 172(N'],_ l) = N]._ 1» (5.23) and the uniqueness assertion of

Theorem 1.2 imply that nz(?l'].) = ﬂz(N'j). That is,
(5'34) bo_(xl,"~,xi; 0)=go.x1,"',x’~;0)

in a suitable neighborhood of (0, - <+ 0) x R/,

Now if we put
(5.35) ag, = (9%h,/3t0x )0, ---; 00 (1 <K<,

then T _,F') as a subspace of Tm’°(®j x R?+9) is defined by the equations

7
0
dz, — > 63, dx, =0,
K:l

(5.36) Ae.
j
0
d‘f)\" ZaAdeK =0.
K=1

10 B )
et b o [e] )
L « be the vector whose components are bch’ a; . Then Ej_1 and Tm,o()[i)

as integral elements of 3{]._ J'(m9) and 9_{i1'(m°) (resp.) are defined by (m'®,
’

b7, -

ing system of equations in b].':

ey b;.°_1) and (m’S, l;'l°, e, b;.o) (resp.). b;.° are solutions of the follow-

’ 1 10 10 4 0
(5.37) o, b0, 10 b1) =0,
o _
(5.20) by, - B,=0, Ael,
o _
(5.38) a,; — ay. = 0. Ae].
Since E;‘-—l is a regular integral element of .(R].I "(m9), it follows from (5.31) that

(5.37) is a compatible system of rank 2(p + q) — 21;.’. Denote by (4.17].)* and
(4.18.)* the linear equations in b; obtained by setting b(m= bfm, ag,= a‘;'u,
§U= fz, and m = m° in (4.17].) and (4.18’.) (resp.). Then (5.37) is generated by
(4.17].)* and (4.18].)*. (4'17;')* also generates (5.19). By Remark 4.4 we know
that the coefficient matrix of baj in (4.17].)* is the same as that of @y, in
(4.187.)*. Now, by our choice of the subset J, (5.19) and (5.20) have rank p + g
as linear equations in bo].. Therefore (4.18].)* and (5.38) have rank p + q as
ojr In other words, (5.37), (5.20) and (5.38) have rank

2(p + q) as linear equations in b'J. (maximal rank). That is,

linear equations in a

(5.39) T &F) NHE] |, RI'm) = T, ,0U).
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Since T,,10(N) C T i0(F) N HE]_,, R1'(n°), therefore T i(N') =T, . 0T)).
By Theorem 1.1 and (5.33) we can conclude that N, N U =JU' N U/, In particu-
lar, this implies that the restriction of the .‘R].I(mc’)-tzield v to ]N].n 772(11'].) coin-
cides with the restriction of the deformation vector of the one-parameter family of
integral manifolds ‘N]. on 0N]. to on N 772(‘]]].').

Proof of (c). Let

(5.40) {m}=E,CE, C---CE CE,

be a regular integral chain of ﬂ“ll(mo) such that dxl Ao A dx’u 4 0 on E#
(I1<p<j+1) and m°=(mS £9) € m].+1(m°) x RP*4, Let

(5.41) {m'®} = Ey CE,| C~--CE’.'_1CE;
be an integral chain of 3{].1 '(m) such that

(5.42) 7,4(E,) = E O<v<y).

14

By P; such integral chain always exists and furthermore it is also regular.

Applying Theorem 1.2, we can find a general solution N;. of ERJJ "(m9) through m'®
such that Tm,o(N;.) = E].'. Restricted to a subset of N;., if necessary, this will

give us a normal solution ﬂz(N;.) = N, of fRJ.I(m°) with an mjl(m°)-field v on it
which can be defined in a neighborhood m° by

Z, = gO'(xl’ tt x]-)’
(5.43)
v(m) = §ro(xl(m), ces, xi(m)) <a—za:) .

m
We may assume that xl(m°) =eee = xj(m°) = 0. (5.43) is a set of normal data of

‘(R]J(mo). Applying P]? we can construct a one-parameter family of integral mani-
folds ‘N]. (t e(- €5 e].) and ¢;> 0) of .(R].l(m% in a neighborhood of m° in
lﬁj(md} which can be defined as

(5.44) Zo=folxp x5 0)
and such that
/O‘(xl’ ...,xj; O):ga_xl, ey, xl_),

(5~45) (afo/at)(xl, ceey, xi; O) = TO'(xl’ ey, xi).
We put

£_ (¢) =(3df,79x )0, ---, 0; £)

OK o K ’ Yy

(5.46) (1T<k<y.

a g, (1) = (8%, /0t9x, )0, - - -, 0; 1)
Denote by E"((t) the vector whose components are KUK(t), aax(t) and also by
EK(t) the vector whose components are KUK(t). Let c: (- € e].) — (ﬁj(mo) be the
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analytic mapping such that for every fixed ¢ € (- € e].) the coordinates of c(¢)
are given by

x,=0,
z = /a(o, <o, 058)

(5.47) (1<k<y.

E'j and E; as integral elements of 9(].1 (m9) and R J(m°) (tesp.) are defined by
(m'°, ﬂ'(O) ‘e K; (0)) and (mS & (O) , B (O)) (resp) Tc(t)(th) as an
mtegral element of R I(mo) is defmed by (c(t) K (t) 3.(1)). Let (4. 17- l)t
be the system of lmear equations in b, . , obtained by setting b, = £, (t)
and m = c(¢) in (4. 17 l) Also let (4. 18 1) be the linear system m b] .
obtained by setting b (O) a, 0) f ffo and m = C(O) in

(4. 18 1) Then it is clear that (4. 17 1) generates I (c(t) '3 (t) E(t) b,
(4. 17 1) and (4. 18 1)0 generate I} (m'°, £ 10), -1 3 (0), b ) Smce
E]. 1s a regular mtegral element of ‘(R,' 1(m°), (4 17 1)0 1s a companble linear
system of rank p + g ~ 7° Y Tl = 1+1(E fR l(mo)) Since TC(O)(ON)
= E , for t sufficiently close to 0, say |¢| <e, c(l)( N) is also a regulat

)s

7417

where 7°

mtegral element (see Remark 1.1) and (4. 17 l)’ is also of rank p + q -

1+1
For every fixed |t| <¢, consider the followmg linear system in the variables
t
o1 = bo i1 T 1 oy
t =
Ay it Bg s a(c)=0

(5.48) 2o 1By, DAL =B, 1 (Db, 0}

(c(2)) -

*Bap; i B, i+1;/!-(c(t))= 0 @Qgp<y)

(Bak and Bak;a are the same functions as in previous section.) Note that
(5.48)" is obtained by setting ba,j+l = Afr,].+1 in (4.17)". Therefore (5.48)°

is a compatible linear system of rank p + q — ’?+1' It is important to observe
that if we differentiate each equation of (5,48)" with respect to ¢ at ¢t = 0 and
making use of the facts that dﬁ /dt =ag, and Ba'u oip= Ba#’p .o» We will
have precisely (4. 18 1)0 For t of sufficiently small absolute value, there is
an obvious one-to-one correspondence between (4.17, +1)0 and (5.48)" which
preserves generators as linear equations in b il and A | respectively.
Denote such a correspondence by H (4. 17 1)0 (. 48)‘ For L € (4. 17 l)0,
K (L) depends analytically on ¢. Defme a one-to-one correspondence §:

0 0
(4.17].+1) (4.18.,)° by

(5.49) (L) = dH(L)/3t),_, for L € (417, )°.
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Let S={L,,..., L } be a set .of linearly independent generators of (4. 17 1)0.
We claim that S U 5(5) is a set of generators for the linear system (4.17 +l)0 U
(4. 18]+ )°. Indeed, let 8(L) € (4. 18]+ )° , then there exist functions ¢, (t) s
¢»a(t) defined for ¢ sufficiently close to O such that

(5.50) H L) = ¢ OH L) + - - + b (DKL)

Using elementary linear algebra and the fact that }(:(L‘I)’ ceey }(t(La) as well as
}(t(L) depend analytically on ¢, one can easily show that ¢1(t), cee sy ¢a(t) are
actually analytic functions of ¢. Therefore we have
3(L) = oH (L)/34),_,
(5.51)
S BIOL, 4+ B O, + by (OB(L) + - + b, (OB(L).

Therefore there are at most 2(p + ¢ — 7 +1) linear independent equations in the

linear system (4. 17 l)0 v (4. 18;+l) However, it follows from Remark 4.4 that

the coefficient matrrx of a, il in (4.18, +1) is exactly the same as that of

bo i+2 in (4.17 +1) Therefore (4. 17 1)0 v (4. 18 1) is a compatible linear

system in the variables G sl b, el and it is of rank 200+ q - r] ). Thus we

can always find a (G + l)-dlm integral element E b of fR X "(m°) such that

E'.+ D E and 7, (E )= 1 We have also proved that Tis (E «(R 1(m°)) =
(E 3{ (). Now if E is a j~dim integral element of fRI (m°) defined

by (m'* bl s eees b' *)ina suffrcrently small neighborhood of (m'®, ﬁ](o)

ﬁ' (0)), we can construct an integral chain of ‘(R]I ‘(m°)) using subspaces E * of E'*

on which dx cee=dx;=0 (1 <p<j). Under 7, 4 this will be pro;ected

pal T
onto an integral chain of ‘(R I(m°) which is also regular, since it is ‘close’ to the
regular integral chain (5. 40) Repeating the above argument, we can prove that

' ! / % U . . . . '
I +1(m *, b¥ e b," b].+1) is a compatible linear system in b, and

ra PR T = 21,y (B9, R, 16%)

(5.52
) I(E.,ﬂ{. lI(m°))=r (E R

I'(m°)).

i+l

The second equality follows since w, (E *) is ‘close’ to E.. We have thus
proved that we can extend (5.40) to an mtegtal chain of R I'(m°) and any

such extension is also regular. This completes the proof of Proposrtron 5.1.

6. Applications to Jacobi fields on minimal submanifolds. Let M be a
Riemannian manifold of dimension 7 + p and F(M) be the bundle of orthonormal
frames of M with bundle projection m: F(M) — M. Let w, be the solder 1-forms
and w, g be the 1-forms which define the Riemannian connection of F(M) (see
for example [1]). The local geometry of M is completely determined by the

following structure equations,
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de=§a)BAwBA, ")AB+“’BA=O’
6.1) — .
dw, g = IE' Wac ANocg + Qg Qup =-37 Z RaBcp@c A wp-
C.D

Let I be the ideal in the ring of analytic differential forms on F(M) which is
generated by the following forms,

(AP Zwi/\wia,
(6.2) '
0,= Zwl ANovvNo,_j Noja Ao, A--Ao,.
1

It is easy to see, using (6.1), that dI C'I. Therefore, I defines an exterior dif-
ferential system on F(M).

Proposition 6.1. I is involutive with independent variables {wl, @
D 1 ned’ a)”} at every point e € F(M)

-’a)

wlz,... » @

SETPIRE nal,ng2’ nap-1,n4d
the sets {coij; i<j} and {("aﬁ; a< B} respectively).

n-1n’ wn+l.n+2’ o

o,y band lo } are some orderings of

Proof. We put
W, = ;aaibi + gaaijwij + ,L;y “a,B—y“’,B'y’
(6.3)
Wi = z}: biaj®j + Ei”iaik“’ik + ﬁgh iapy®By:

Let b, be the vector whose components are a,. bkyi' Also let bij' i<j

, a< ., . , b .
(qu B) be the vector whose components are A Pryij (ayaﬁ kyad
Also put

(6.4) A=n(n—1)/2 + p(p — 1)/2.

We will find, for 1 < p < 7~ 1, that the equations lﬂ(e, hyseees bl-t) = 0, after
taking into account that I/_L_ l(e, hysees bﬂ_ l) = 0 is generated by

(6.5) Ao =05 bygy = by, =0 (Q<v<p-1.

It is also not difficult to see that there is only one way to extend any system
of solutions of the equations I _ l(e, bl’ ceeah, l) =0 to a system of

solutions of the equations

In+~X— l(e' b n—1* P12 "> bn,n—l"
6.6)
., b )=0,

bn+l,n+2’ t n+p—1,n+p
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namely, by setting
(6.7) bi,' = ba.,B = 0.
After taking account of the equations
(6.8) ,n+k—i(e’ bl’ ey, bn—l’ blz’ sy, bn+p_1’n+p) = 0,
the equations I (e, by, oy b,y bygsceesh oy h,) =0 are generat-
ed by

aa.n =0,
bﬂan—b’mﬂ=0 l<p<n-1),

(6.9)

n—1
bnan + Z }',,U'(J.,u,= 0.
p=1

It follows that any system of solutions (e° b7, ---, ”2-1’ By een s bz+p-l,n+p’
B2) of (6.5), (6.7) and (6.9) defines a regular integral flag {e}=E,CE, C...C
E oir-1C E. ..\ of I. It is also easy to see that

(6.10) "yanBxsn1> D =0.  Q.E.D.

Remark 6.1. (6.10) implies that through any (A + 7 — 1)-dim integral element

E}\+n—l of I on which

wlA.../\wn_lAwlzl\...

(6.11)
A Dy 1 n NP1, ni2 N AP 1 nip #0
there exists a unique (A + n)-dim integral element E)\m of I on which
oA Ao, y Ao A
(6.12)
Amn_l’n /\mn“’n+2 A Awn+p-—l,n+p Ao, £0
and EmeE}‘M_l.

Remark 6.2. We have proved above that any integral manifold of I on which
(6.11) holds is a general solution of I.

If /: F* — F(M) defines an integral manifold of I on which (6.12) holds,
then dim F® = n(n - 1)/2 + p(p = 1)/2 + n (=X + n). [(F?) is the bundle space
of the bundle of adapted frames (see for example [1]) of the submanifold 7 © f(F%)
of M. In fact, 7 © f(F*) is an n-dim minimal submanifold of M since the pull-
backs of @, through any section of the adapted frame bundle are the mean cur-
vature forms of 7 © f(F?) (see for example [4]). Conversely, given any n-dim
minimal submanifold N of M, the bundle of adapted frames over N considered
as a submanifold of F(M) is a general solution of I. The involutiveness of I
implies the local existence of minimal submanifolds of dimension n. More pre-
cisely, we have the following theorem (see ‘also [10] and [12]).



1972] DEFORMATION OF INTEGRALS 355

Theorem 6.1. Let G _, be an imbedded (n - 1)-dim submanifold of M and

P be an n-dim distribution along G__, such that T (G _,)C P(m) for all m €
G _ ..
n-1

exists in every sufficiently small neighborbood U of m® a unique imbedded

Then assuming the data are real analytic, for each m® € G _, there

analytic minimal submanifold N of dimension n such that
1. UonoG,_, n,

2. Tm(N) = P(m) forall me G,_, N .

Proof. Let F!(Gn_l) be the subset of F(M) consisting of all frames (m, e

-1
1’

., en+p) (i.e. €
meG,
is a submanifold of F(M) of dimension A + » — 1. Indeed, if G,_, is defined

€ ip is an orthonormal basis of Tm(M)) such that

and CITRRR ,‘en span P(m). It can be easily seen that F!(Gn—l)

by the imbedding g: G, _; — M, then F!(Gn—l) realizes a reduction of the group
O(n + p) of the induced bundle g~ '(F(M)) over G, _, to O(n) x O(p) (for defini-
tions and facts related to induced bundle and reduction of structure group see for
example [8]). Denote also by wy > wy g their pullbacks to F!(Gn-l)' Then, at
every point of F!(Gn—l)’ ®;j» Wqap and @, span the cotangent space of F!(Gn_l),
but only 7~ 1 of the w, are linearly independent while the w_ ., v, are

independent among themselves and independent of the w,. On F!(Gn_l) we have
(6.13) w, =0.

Taking the exterior derivative on both sides of (6.13), we have
(6.14) Z 0, ANw,, =0.
I3

This implies that, on F!(Gn-l)’ w,, are independent of Wi Do and they are
only linear combinations of the w ;. Since on F!(Gn_l) only »—1 of the o,
are linear independent, the restriction of @, (in (6.2)) to F!(Gn_l) vanishes
identically. F!(Gn_l) is therefore a (A + 7 — 1)-dim integral manifold of I on

which (6.11) holds. By Remark 6.1, we have that at every point e° € FYG__))

there exists a unique (A + n)-dim integral element E n of I on which (6 7{2)1
holds and E, OT, (F!(G ). Since r, (T G, 1), D=0, we _have by
Theorem 1.1 that there exists, ina suff1c1ently small nelghborhood 11 of e°

in F(M), a umque integral manifold F% of I such that T (F%)= A4n 2nd i
DF% DF (G ) . Then, U = 2l is a neighborhood of m® = 77(e°) and N =
o(F%) is a submamfold of M which have the required properties. Q.E.D.

Let f: F* — F(M) define a (A + n)-dim integral manifold of I on which
(6.12) holds. We will now compute the equations of variation of I on f(F%). Let
r: f(F*) — T(F(M)) be an I-field defined on f(F?). For simplicity, we will
assume that 0 =7, = (7, w,). In fact, only the component-s To= AT 0g) T,q=

(r, a)ia) are of geometric significance. The equations of variation are
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(6.15) A Jo)+/* Jdo, ) =0
(6.16) d/*(r..lZwi/\wia>+f*(r_ldzwiAwia)=
(6.17) df*r 10, + [*( 1 d®,) =0

Set 0, = /*(wA), 0,5 = /*(""AB)‘ Considering 7 and 7, as functions defined
on ,F%, (6.15) can be written as

(6.18) dra + § T,BGB Z rza i

One will find (6.16) is merely the exterior derivative of (6.18), that is,

(6.19) ; drg N O, +74d05) — 3 (dr y AO, +7,,d8) =0

1

As for (6.17), we have, by straightforward computations,

E( 1)i-1 34{7 + Z 7id lgl\el/\.../\éi/\.../\e,

1]

(6.20) dr*(r 1 @)

n

a Z %Tﬁml Ao Ao A0,
:l 7]

A ANo,_, Ao Ao, A Ao,

(6.21) -
- ; Ra,BT,Bwl A
- ,BZ,'(_ l)l’i,ﬂ“’ﬁa Aoy A--- Aa’i A ANo,
+ terms at least linear in Wy
where we have set Tza,B = Zi Riai,B‘ Since f(F%) is an integral manifold of I, we
have
* _
(6.22) Moy =0, [¥o,,) = ’E b 0]. s
where b, = b, and 2, b,,;=0. Using these facts, we have
ia jai
f*r 1 d®) - Z(— Di=lr 305, AO A AO A NG,
(6.23)

- Z(Ra,B"'aa,B)T,Bol A--- NG,

where we have set 043= 2 i zajbiﬁf

Therefore, (6.17) can be written as
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i—-1 ~
IZ(~1) (dria+ ;r’.aﬂji+ ;71',80[30)/\01/\'”/\0

(6.24) _
A---ANO - ;(Raﬁ +oaﬁ)7501 A--- A6 =o0.

(6.18) and (6.24) give the equations of variation of I. Observe that (6.18) implies
the 7, components of an I-field for which 7, = 0 are completely determined once
the r, components are given.

Recall that f(F?) is the bundle space of the bundle of adapted frames over the
minimal submanifold f(F%) of M. Let e = (ei, e): W — f(F®) be an arbitrary
section of the adapted frame bundle over an open set W of N. Let r be an I-field
as above. If we put "= 7, (), then we can write

(6.25) T*(x) = Z ra(e(x))ea(x) def E *(x)e ,(x).

a a

Pulling (6.18) back to W,
(6.26) Z 7,ole(x)e*(0)) = dr¥ + ; r"/;e*(%a) = E rz; ,e¥0)

1
where @; i here denotes the covariantderivative with respect to the induced
normal connection on the submanifold 7 o f(F?) in the direction of e,. If we write

Tzaﬁz e*("aﬁ)’ then the pullback of (6.24) after taking (6.18) into account is
(6.27) ;”Z;i;i“ Zﬁ: (R +0,5)r5t e*(O, A--- A6 )=0
where we have put

(6.28) dr’;;i + E r’;; ie*(eii) + % 72; i‘—’*(%a) = Z r’;; i e*(ej).
i j

Therefore, the normal vector field ™ on 7 0/-(F“) satisfies the following system of
of partial differential equations,
(6.29) Zr’;;i;iJr % (Rog+0,9r5=0,

1
which is the so~called Jacobi equation defined on the minimal submanifold 7 o f(F%)
(see, for example, [4] and [12]). Any normal vector field which satisfies (6.29)
is called a Jacobi field. The Jacobi equations were obtained previously in,
for example, [4] or [6] by considering the second variations of the n-dim volume
integral. Itis given in the present form in [4].

Proposition 6.2. Let 7 be an I-field on an integral manifold F* of I such
that (1, ;) = 0, then *=mn.(7) is a Jacobi field on n(F®). Conuversely, for any
Jacobi field 1* on m(F®), there exists an I-field 1 on F® such that n(r) = t*

Proof. We have already proved the first half of the propositian. If r*=
2,r*e, is a Jacobi field on m(F?), by taking different sections of the adapted
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frame bundle F* over m(F?) we can define the 7, components of an I-field r
on F? by (6.25) and hence also its 7;, components by (6.26). If we put 0 =
(7 wi) and choose the components 7, 5= (r -‘"aﬁ)’ = (7, (‘)ij) arbitrarily,
then we have an I-field 7 on F® such that #(r) = r*. Q.E.D.

Theorem 6.2. Let M be a Riemannian manifold of dimension n + p and N
be an n-dim minimal submanifold of M. Let v: N — T(M) be a Jacobi field de-
fined on N. Under the assumption of real analyticity, for any point m® € N there
exists a one-parameter family of minimal submanifolds 'N (t € (- ¢, €) and €> 0)
in a neighborbood W of m® in M, such that °N =0 N N and the deformation

vector of 'N on ON coincides with the restriction of v to °N.

Proof. The bundle space of the bundle of adapted frames F*(N) of N is an
integral manifold of I. In fact, as noted earlier, it is a general solution of I. By
Proposition 6.2 there exists an I-field 7 on F?(N) such that 7,(r) = v and 0=
(r, @) = (7, @) = (7 w;;). Then 7 is an I-field which satisfies the conditions
of the Main Theorem. Since aone-parameter family of integral manifolds of I on
which (6.12) holds is mapped under 7 onto a one-parameter family of minimal

submanifolds, Theorem 6.2 follows now directly from the Main Theorem Q.E.D.
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